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C ~ ) i Abstract. In this paper we investigate a quantum stochastic calculus build 

C ~ ~) ' of creation, annihilation and number of particles operators which fulfill some 

C ~ ~) ' deformed commutation relations. 

£N) , Namely, we introduce a deformation of a number of particles operator which 

has simple commutation relations with well known q-deformed creation and an- 
nihilation operators. Since all operators considered in this theory are bounded 
we do not deal with some difficulties of a non deformed theory of Hudson and 



X 



Parthasarathy [ HuP . We define stochastic integrals and estimate them in the 



operator norm. We prove Ito's formula as well. 



> _ 

' 1. Introduction 
CO ' 

C^) , The aim of this paper is to construct a quantum stochastic calculus in which all 

' operators are bounded and which would unify classical examples we mention below. 

1.1. Classical examples of quantum stochastic calculi. The fundamental ob- 
servation which inspired the development of Hudson-Parthasarathy stochastic cal- 



culus [HuP | was that a family of commuting selfadjoint operators and a state r 



I' induce (by the spectral theorem) measures which can be interpreted as joint distri- 



butions of a certain stochastic process. 

The most important examples are B(t) = A(t) + A*(t) which corresponds to the 
Brownian motion and Pi(t) = \/l Bit) + A(t) + ltl which correspond to the Poisson 
process with intensively I. A(t), A*(t), A(t) (t > 0) called annihilation, creation and 
gauge process have values being unbounded operators acting on some Hilbert space 
called bosonic Fock space. 

For all s,t > they fulfill the following commutation relations: 

(1) [A(t),A(s)} = [A*(t),A*(s)}=0, 

(2) [A(t),A( s )] = 0, 

(3) [A(t),A*(s)]=min(t,s)l, 

(4) [A(t),A(s)]=A[win(t,s)}, 

(5) [A(t),A*(s)]=A*[min(t,s)}. 

In the Fock space there exists a unital cyclic vector fi such that A(t)il = 0. The 
state t is defined as follows: 

t(S) = (CI, SSI). 

Stochastical integrals with respect to the Brownian motion or Poisson process 
can therefore be written as integrals with respect to creation, annihilation and 
gauge processes. A stochastic calculus in which such integrals are considered was 



constructed by Hudson and Parthasarathy ]HuP| . However the fact that operators 
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considered in this theory are unbounded causes serious technical problems. For 
example equations (||)-(||) can be- treated only informally and has to be clarified in 
a more complicated way. Moreover, a product of two stochastic integrals (considered 
in Ito's formula) is not well-defined and has to be evaluated in the weak sense. 
A second important example is a fermionic stochastic calculus |BSW1, BSW2| 



in which in equations (|l]) _ (H) commutators were replaced by anticommutators. 

The third group of examples is connected with free probability in which the 
notion of classical independence of random variables was replaced by a non com- 



mutative notion of freeness. Biane and Speicher [Bi£] considered integrals with 
respect to the free Brownian motion what is a generalization of the Ito's integral. 
On the other hand the approach of Kummerer and Speicher jKiiS | is rather relate to 



the calculus of Hudson and Parthasarathy: a free Brownian motion is represented 
as a family of non commuting selfadjoint operators B(t) = A(t) + A*(t) (t > 0) 
where A(t),A*(t) fulfill only a relation 

(6) A(t)A*(s) =mm(t,s)l, 

for all t, s > and a state r is defined as t(S) — (CI, SCI) for a unital cyclic vector 
CI such that A(t)Cl — 0. Stochastic integrals are evaluated with respect to A(t) and 
A*(t) separately. 

1.2. Overview of this paper. In order to avoid problems of Hudson and 
Parthasarathy's theory we postulate that all operators considered in our stochastic 
calculus should be bounded. Therefore we shall replace commutation relations of 
Hudson-Parthasarathy's calculus by some deformed analogues. 

We start with the g-deformed commutation relation which was postulated by 



Frisch and Bourret [FB|: 



(7) a(ct>)a*^)=qa*(i))a(4>) + (<t>,il>), 

for all 4>,4> GH, where H is a Hilbert space, a((f>) called annihilation operator and 
its adjoint a*(</>) called creation operator are operators acting on some Hilbert space 

If in the equation (0) we take q = 1 we obtain bosonic commutation relation 
([}]), for q — — 1 we obtain fermionic anticommutation relation and for q = we 
obtain free relation (@), therefore g-deformed commutation relation unifies these 
three basic cases. 

In the section |2| we shall repeat Bozejko and Speicher's [BS1] construction of 



(/-deformed Fock space T-h and bounded operators a((f>), a* ((f)) which fulfill (0). 
Furthermore we construct a bounded operator A^ t which acts on F^ and is a 
deformation of Hudson-Parthasarathy gauge operator and an auxiliary operator 
Tm : ~~ * T-ft which is a deformation of the identity. We show commutation re- 
lations fulfilled by these operators. It turns out that these commutation relations 
allows us to write any product of these operators in a special order which is a 
generalization of Wick or normal ordering. 

In the section H we define stochastic integrals with respect to four basic processes: 
annihilation A(t), creation A*(t), gauge A M (t) and time T(t). Since in the non 
commutative probability the integrand does not commute with the increments of 
integrator, we have to decide if the integrand should be multiplied from the left or 
from the right by the integrator. In fact, we shall investigate even a more general 
case, namely after Speicher and Biane ]BiS|] we consider so called bioperators and 
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biprocesses, so that the increments of integrator are multiplied both from left and 
right by the integrand. 

Just like in the classical theory we first define stochastic integrals of simple 
adapted biprocesses and then by some limit procedure we extend stochastic integrals 
to a more general class of biprocesses. 

In the section |] we show that (under certain assumptions) an integral of a sto- 
chastic process is again an integrable stochastic process and that such an iterated 
integral is continuous. 

The section ^ is devoted to the central point of this paper, the Ito's formula, 
which can be viewed as an integration by parts. 



2. Deformed creation, annihilation and number of particles 

operators 

2.1. Fock space. Let Ti be a Hilbert space with a scalar product (■, •). Elements 
of Ti will be denoted by small Greek letters: (f>, ip, ... 

We shall denote the standard scalar product on Ti® 11 by (v)frcc and call it 
a free scalar product. Ti® n furnished with this scalar product will be denoted 
by Hf r " c . By Tf Iee (H) or simply r frcc we shall denote the direct sum of Tif^ c , 
n G N = {0, 1, 2, . . . }. The space 7i®° which appears in this sum is understood as 
a one dimensional space Cf2 for some unital vector f2. 

If E : T>(E) — > rf rcc for T>(E) C rf rco is a (possibly unbounded) strictly positive 
operator, we can introduce a new scalar product (-,-)e = ('■>£>■) f ree and a Hilbert 
space Ye{TC) or simply Te which is a completion of T>(E) with respect to (-,-)e- 
The norm in Te will be denoted by || • \\e- 

We choose now a parameter of deformation q G (—1,1) which will be fixed in 
this paper. 



For n S N we introduce after Bozejko and Speicher [BS1| a g-deformed sym- 
metrization operator P^ : Ti® n — > Ti® n , which is a generalization of a sym- 
metrization (for q — 1) and antisymmetrization (for q = —1) operators: 

P W Wl ® • • • ® W = E <? inV(CT V CT (l) »•••«> VV(n), 
ff£S„ 

where inv(er) = #{(i,j) : i,j £ {l,...,n},i < j, cr(i) > cr(j')} is the number of 
inversions in permutation a. 

Theorem 2.1. p( n ) is a strictly positive operator. 



Proof. Proof can be found in BS1 ] . □ 



By P : T>(P) — > rf ree (P{P) C rf ree ) we shall denote a closure of the direct sum 
of PW and by Y we shall denote Yp. Since it does not lead to confusions by (•, •) 
we shall denote both the scalar product in Ti and the g-deformed scalar product 
(•, -)p in the Fock space Y and by || ■ || both the norm in Y and in H. Elements of 
Fock space will be denoted by capital Greek letters: $, 'J, . . . 

Since now 7i® n will denote the tensor power of Ti furnished with g-deformed 
scalar product (■,■). 

Let LL, : Y — » TC^ denote the orthogonal projection on Tl^ . 

The state r which plays the role of a noncommutative expectation value is defined 
as t(X) = {ft, XQ) for X : Y -> Y. 
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2.2. Operators of creation and annihilation. For <fi g TL we define action of 
operators a(4>) , a* (<fi) : — » T-^ on simple tensors as follows: 

(8) ® • • • ® Vn) = ® V 1 ! ® * • • ® V'n, 



i=l 

2.3. Number of particles operators. Now we need to introduce a deformed 
analogue of number of particles operator known also as gauge operator or differential 
second quantization operator. We require for this deformation to be a bounded 
operator and to have simple commutation relations with a((f>) and a* (</>). 

For a bounded operator T : TL — > TL we are looking for A(T) : — > which 
action on simple tensors is defined as: 

a(t)Oi ® • • • ® v„) = /( n ) V'i ® • •• ® V'i-i ® T Oi) ® V'i+i ® • • • ® ^n- 

i=l 

Except the factor /(n) this definition coincides with a non deformed gauge operator. 
This factor was added in order to make A(T) a bounded operator. As it will be 



proven in the lemma 2.3 it holds if and only if sup ngN |/(n)|n < oo. 

The choice of f(n) = /i n for a complex number /i (|^| < 1) seems to be the 
easiest solution. Therefore we define 

n 

(10) A M (T)(V>i <g> • • • <g> 1p n ) = M™ V'l ® • ' ' ® ^i-l ® T(^) ® ^i+l ® • • • ® Vn- 

i=l 

As we shall see in the section |2.4| in order to interchange the deformed number 
of particles operator with creation or annihilation operators we need to introduce 
for |/z| < 1 an operator 7^ : Tu —* as follows: 

(11) l^l®---®ipn) =/i n V>l ®"-® ^n- 

This operator is a deformed identity operator and for /i = 1 is equal to identity. 

Theorem 2.2. For <f> € < 1 and a bounded T : TL —> TL operators 

a(cf>),a*((f>), ^fi(T) and 7^ are bounded and 

Il7„ll = l, 
K0II = ||a*(0|| < 



||A M (T)|| < ||T|| supn | M r. 

Operators a* ((f)) and a(0) as defined in equations (||) and (||) are adjoint as the 
notation suggests. Furthermore we have 

[\ fi (T)]* = \ jl (T*) 
% = 7a* 

Proof. It is obvious that for < 1 the operator 7 M is a contraction. 

The second inequality will be proven in a more general context in the section 



3.3 
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Since are mutually orthogonal invariant spaces of A^(T) from the lemma 



2.3 follows that 



H-VCOHr-r = sup \\X^(T)\\ H ®n^ H ®n = 



sup\\X li {T)\\ n9n _ tH s m < \\T\\ supn|/x| n . 

n£N fro ° froc n£N 



Proof of the fact that a(<p) and a*(<fi) are adjoint can be found in [BS1]. Proofs 
of the other two equations are straightforward. □ 



Lemma 2.3. Suppose that Vi (i — l,2j are vector spaces. Vi furnished with a 
scalar product (•, •)$ is a Hilbert space denoted by K-i. 

If Pi : K-i —>■ K-i are strictly positive bounded operators we can furnish Vi with 
another scalar product (-,Pj-)i and the resulting Hilbert spaces we shall denote by 

Then operator norms of S : JC± — > K-2 and S : JC[ —> K! 2 are equal for every 
operator S : Vi — > V 2 such that SP± = P2S. 

Proof. For any polynomial f(x) we have Sf (Pi) = f(P2)S therefore approximating 
the square root by polynomials we obtain S\fP~x — \fP~2~ S. Note that for v G V\ 
we have 



\Sv\ 



< lisik- 



P 2 Sv 
\f~P~i v 



SJPi v 



< 



therefore 

\\s\\k^ < Wsu^k*. 

If in the preceding calculations we replace K-i by K,\ (and vice versa) and replace 
Pi by P~ x we obtain the opposite inequality. □ 



2.4. Commutation relations. 



Theorem 2.4. For 

(12) 


4>, ip G H, a bounded operator T : H — ► H and \fi\,\v\ < 1 hold 
a(^)a* (V) = qa* (ip)a(4>) + (0, V) , 


(13) 




(14) 


7 M a*(0) = ^a*(0)7 M , 


(15) 


a((f>)X^(T) = fj,Xfj,(T)a(ct)) + ^7 M a(T*0), 


(16) 


A„(T)a*fa) = ^a*(^)A p (T) + ^a*(T^, 


(17) 


X ll {T) lv = lll X v {T) = X^{T). 


(18) 7^ = 7^ 

If bounded operators Ti,T 2 :TL — > Ti commute then 

(19) \»{Tx)\v{T 2 ) = A v (T 2 )A M (Ti). 

Proof. Proof is straightforward, we shall omit it. □ 
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Since 71 is equal to identity we see that in the limit q, \i — > 1 relations ( |12[ ) , ( |15[ ) , 
( pj| ) and ( |l7| ) correspond to non deformed relations (0), (||), (||) and ^|). Note 
that contrary to the non deformed case among these commutation relations there 
is none which would allow us to interchange the order of adjacent two creation or 
two annihilation operators. 

2.5. Algebra A. Suppose H = /C0/C 1 - and K is an infinite-dimensional, separa- 
ble Hubert space. We denote by -4fi n /e(^) an algebra of bounded operators acting 
on H generated by operators a(0), a*((f>), 7^, A M (T © 0) for all <j> £ K., \n\ < 1 
and bounded operators T : K — ► K. We shall denote by Ak(H) the completion of 
Afinici'H) in the operator norm. 

2.6. Normal ordering. In algebras generated by (bosonic, fermionic or q- 
deformed) creation and annihilation operators one introduces normal or Wick's 
ordering where in each expression one writes creation operators on the right hand 
side and annihilation operators on the left hand side. Now we introduce an analogue 
of such ordering in algebras Aa n - 

Theorem 2.5. Every element S of an algebra Afin can be written as a finite sum 
of products of the following form: an the left hand side creation operators, some 
Ai/(T) operators, a 7^ operator (for some fi, < I) and on the right hand side 
annihilation operators. 

(20) S = y^a*(<fa) ■ ■•a*(</> i „ i )A ! , il (Ih) ■ • ■ \ Viki (7*^)7^0(^1) • ■ -a{^) imi ). 

i 

Proof. Note that an expression is in the mentioned form if and only if it does not 
contain any subexpression being the left hand side of one of equations ©— @. 
If it does not hold by replacing the left hand side of appropriate equation by the 
right hand side we obtain an expression (or a sum of expressions) which is either 
shorter or has the same length but smaller number of disorderings. We can easily 
see that this procedure has to stop after finite number of iterations. □ 

By A^ l) we shall denote the completion of the space of operators that can be 
written in the normal ordering ( p0[ ) with exactly k creation operators a*(-) and I 
annihilation operators a(-). Let A {k '' ] = ieN -4 (M) and A [ '' l) = feeN -A (fe,i) - 

For an integer number n 6 Z we define A^ to be a completion of the space 
of operators that (not necessarily in the normal ordering) contain exactly n more 
creators than annihilators. A^ = @ fc ;gN k _ l=n A( k ' l h 

For S G A, n S Z let S A^ be a part of S which contains exactly n more cre- 
ation than annihilation operators. More precisely, = J2iez-i>o i+n>o ^li+nSHi- 
Note that || 5 w || < ||5|| because 

l| 5 [»]*|| 2 = J2 ||n i+n 5n^|| 2 < J2 IIsil*|| 2 < ||S|| 2 £ nn^n 2 = \\s\\ \\n 2 - 

i i i 

2.7. Extension of operators. 

Lemma 2.6. If TL\ = }C C\ and TL2 = K, (& C% where C\, C2 are separa- 
ble, infinite dimensional Hilbert spaces then there exists exactly one continuous 
^-isomorphism V of Banach algebras Ak.(Hi) and A/c{H2) which maps operators 
a(4>),a*(4>),X fl (T),^ E Ak{Hi) respectively on a(<fi), a* (<ft), A M (T), 7^ e AjciHa)- 
Moreover, this ^-isomorphism is an isometry. 
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Particularly, if Hi C Hi then this * -isomorphism assigns to an operator S E 
Afc(Hi) its extension S € Afc(H2) (since it does not lead to confusions we shall 
often denote both operators by the same letter). 

Proof. Let U : Hi — + H2 be an isometry such that U limited to JC is equal to 
identity. Such isometry exists because Ci and £2 have the same dimension. 

We define now an second quantization of U, i.e. an isometry T(U) : T-h 1 — > 
T n2 by the formula T(U)(ipi ® • • • ® ip n ) = U(ipi) ® • • • ® U(ip n ). The wanted 
♦-isomorphism is 



The uniqueness of such isomorphism follows from the fact that it is uniquely 



The lemma remains true if in the formulation we skip the assumption of separability, 
the proof of this fact is however more complicated. 



Since we are interested in stochastic calculus, since now we have H = £ 2 (WL + ). 
We also introduce notation A = An, Ht = £ 2 (0, t) and At = An t - 

We shall investigate stochastic integrals with respect to four basic stochastic 
processes with values in algebra A: annihilation A(t) = <x(X(o,t))) creation A*(t) — 
a *(X(o,t)), g au g e = -VO^o,*)) an d time T(t) = tl, where \i S H denotes 

a characteristic function of a set / C M+ and 11/ : £ 2 (K + ) — > £ 2 (T) denotes the 
orthogonal projection. 

3.1. Bioperators and biprocesses. If S : R + — > A is a measurable function we 
shall call it a process. If for almost all t e R + we have S(t) £ At we say it is 
adapted. 

Elements of A® A will be called bioperators. A bioperator can be multiplied 
by an operator from left or right and the result is a bioperator: for F,G, S E A 
we define (F ® G)S = F ® (G5), 5(F ® G) = (ST) ® G. Furthermore we define a 
"musical" product of a bioperator by an operator such that the result is an operator: 
(F ® G)jjS = i^SG. We shall introduce a convolution: ® G)* = G* ® F*. 

If i? : M + A® A is a, measurable function we shall call it a biprocess. If for 
almost all t € R+ we have R(t) e ^ ® ^4t we say it is adapted, if for almost all 
t € R+ we have R(t) G ^4* ® A or e .4 ® >lt we say that R is respectively left- 
or right-adapted. 

A simple biprocess is a biprocess of the form R(t) = Y^i=i BiXu (*) where i?i e 
>l ® A and /i are intervals. 

3.2. Stochastic integral of a simple biprocess. A stochastic integral of a sim- 
ple biprocess is defined as a Riemann sum 



A K (Hi) 3Sh T(U)ST(Uy G A K {H 2 ). 



defined on a dense subspacc An n 



□ 



3. Stochastical integrals 




where I t = {s^U). 



3.3. Stochastic integrals with respect to the creation and annihilation 
process. 
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<2> • • • ® Ipk ® ® V'fc+l ® • • • ® Vto : fc < 

: k > n 



3.3.1. Tensor product <gfc. For , . . . , %p n e 7i we define a tensor product ®t as 

®k ("01 ® ■ ■ ■ ® V'n) : 
and an operator 1 <g) fc p( n > : 7i® {n+1) -> H® in+1) which forn > k is dehned as 

= ^^'^(l) ® • • • ® VV(fc) ® ® VV(fc+l) ® • • • ® VV(n) 

and is a modification of g-deformed symmctrization operator, which does not move 
the factor on the k+1 position. For n < k we take 1 (gift p( n > = 0. 



Lemma 3.1. There exists a positive constant u(q) such that for each n we have 

1 

i 

uj{q) 

There exist positive constants Ck, q , dk, q such that for each n> k we have 

P {n+1) <c k , q 18* P (n \ 



p(n+l) < 1 j_ ^ p(r 



1 <g) < — !— p(™+ x ). 



Proof. Proof of the first two inequalities can be found in [Boz]. Now we show the 
third one. 

p(n+l) < \ 2. (g) P(") < . . . < 1 p(n-k) _ 

-l-\q\ ~ -(l-|«l)* +1 

= (1 _| 1 g | )fc+ i 1 ^ [l 0fe ®^ (n - fe) ]< 
q;(g) fl ®(fe-l) ^ p(n-fe+l)i < . . . < ^(g) fc-1 1 ^ p (n) 

" (1-M) fe+1 [ ® J " " (1 - M) fc+1 ® k 

The last inequality can be proven similarly. □ 

Corollary 3.2. For any holds 

||*IU®»P< V^M 11*11- 
If furthermore * € 0„ >fc W®" i/ien 

||*|| < ||*|| 

Por every <f> £ TL we have 

u\\ 



Proof. The last inequality holds since for each ^ G T we have 

\\a*(m\ < J— KttMxvp = J-n M 11*11 



□ 
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3.3.2. Properties of Q k . Let S € Aic(Tl) and let <f> be a unital vector perpendicular 
to 7i, By lemma 2.6 there exists an operator S:'H®(f)^'H®4> which is an 
extension of S : H — > 7Y. 

It is easy to see that for each $ £ there exists an element of T-^ denoted by 
Qk(S)<5> such that 

(21) <£® fc [Q fc (S)$] = (n ® fe l)Sa*(<£)$, 

where LI^ denotes the orthogonal projection on the subspace spanned by <fi and 
11^ ®fc 1 is an operator, which on tensor products of not more than k vectors acts 
as and on longer tensor powers acts on the (k + l)-th factor by il^. 

Of course Qk{S) : T — * L is a linear operator. We shall prove that Qk(S) is an 
element of the algebra Ak.(T~1) and that this operator in the normal ordering has 
exactly k creation operators, i.e. Qk(S) € A£'\Ti). 

Indeed, if S is in the following form 

S = a*(<j)i) ■ ■ -a*((pi)X Vl (Ti) • • ■ \ Vl (T;)7^a(^i) • • -a(ipj) 

then a simple computation shows that 

q 3 V\ ■ ■ ■ vi[iS : k = i 
: k^i ' 



and therefore Q k (S) e -^''^(W). 

The general statement follows from the fact that : ,4k; (7Y) — > ^4/c(W) is a 
continuous map: 

(22) ||Q fc (5)*|| = ||0®* = HP* ®k l]Sa*(m\ mkP < 

dk,q 



< 



<d\ q \\Sa*{<i>)%\\ < 



\\S\\ ||*|| 



In the following we shall often use the notation Q k : -4/c(7i) ® ,/4jc(H) - * A*c(W) 
defined on simple tensors by Qk{P ® R) — Qk{P)R- 

3.3.3. Norm of an integral with respect to the creation and annihilation processes. 
Theorem 3.3. If R : M + — > A® A is a simple left-adapted biprocess then 



R{t)$dA*(t)^ 



< 



E 



Cfc,, 



\{Q k [R(t)]*\\ 2 dt 



Proof. Let R(t) = J2iBiXii(t) where Ii are disjoint intervals. Since R is left- 
adapted for any ^ S L-^ we have 



therefore 



i k i 

i k i 

I 2 1 1 

i i 

= c k , q J2\\Qk(Bm 2 \\Xuf = Ck„ 



2 



\Q k [R(t)M dt 



what proves claimed theorem. 



□ 
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Now we shall define appropriate seminorms on the space of biprocesses: 



\r\\a*=J2 



Cfe,, 



Q k [R{t)] 



dt 



\R\\a = \\R* 



Theorem 3.4. Simple adapted (respectively left-adapted or right- adapted) bipro- 
cesses are dense in the space of adapted (respectively left-adapted or right- adapted) 
biprocesses in seminorms || • \\a and \\ ■ \\a*- 

Proof. Proof of an analogue fact can be found in the paper of Biane and Speicher 
BiS| . □ 

Therefore we can define an integral with respect to the creation (or annihilation) 
process of a left-adapted (or resp. right-adapted) biprocess R(t) with finite semi- 
norm || • \\a* (or || ■ \\a) as a limit of integrals of a sequence of simple biprocesses. 
We have the following 

Theorem 3.5. If R : M + — > A® A is a left-adapted biprocess and $ £ T then 



R(t)<frdA*(t) 



< WRW 



R(t)$dA* (t)H> 



< 



E 



Ck,q 



\(Q k [R{t)]V\\ 2 dt 



If R : R + — > A <8> A is a right-adapted biprocess then 



R(t)$dA(t) 



< WRW 



3.4. Stochastic integral with respect to the gauge process. For an operator 
S : T — > r and V, W subspaces of T, we shall denote by ||S'||v^w the operator 
norm of S defined as 

||£||v-*W = SU P SU P l( $ >s*}|. 

$gw, ||*||=i *ev, ||*||=i 

For \fi\ < 1 introduce a gauge seminorm of a bioperator B € At <8> At 
W b \\k = SU P Vnm WB^Cn^^Wn^^n^ 

and if a biprocess R is adapted we introduce its gauge seminorm as 
I|-R||a w = sup sup y/rnn WR^X^U^^Wn^^H^- 

t£R+ n,meN 



Theorem 3.6. If R(t) is a simple adapted biprocess then the following estimation 
holds: 



fl(t)t(dA M (t) 



< 11*11 



As we shall see soon the assumption that R is simple can be omitted. 
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Proof. Let us consider a Hilbert space Ti. © Ti such that there exists an operator 
U : H Q)H — ► 7i © 7i which restricted to 7i is a unitary operator U : H —> ?i and 
restricted to H is equal to 0. We introduce a process A M (i) = A^IL^r), where Hj 
denotes the orthogonal projection on the subspace U[C 2 {I)\ for a set I C R+. 

For any operator X: H®H-^H®Hwe define A(X ) = Ai (X). Of course this 
operator is not bounded and therefore any manipulations with it have to be done 
carefully. Lemma ensures that A(Z7) on Ji® n is bounded and its norm equals to 
y/n. 

Let T H 3 * = E*n, T H 3 $ = where e For any 

measurable set M we have 



$„, / iJ(t)JtdA M (*)* r . 

M 



< 



< ||* n || ||A(J7n M )*m|| / fl(t)ttdA p (t) 

•> A(t/)[W® m ]^A(;7)[-H« 

Let = Y^,i BiXh (t) where Ii are disjoint intervals. For different values of i 

operators B^X^iJij ) : A(£/)7i® m — > r(7i © 7i) have mutually orthogonal images 
and cokernels. 



A(C/)$„, / JJ(t)JtdA M (t) A(C/n M )* 



= max BjjJA^II-T 

i ii ' i r 

< max 

= lim.s J5ittA M (n (t . 



\(U)H® m ->\(U)H® 
(U,oo) 



< 



\(U)H® m ^\(U)H® n 



= max 



Si(tA M (II( t4)0O )) 



where in the last equality we used the lemma and in the last but one equality 
we used that second quantization T(U + U*) : T(H © H) —> T(H © H) of unitary 
operator U + U* defined as 



r(£7 + £/*)(</>! 
is again unitary and 

Hence 
(23) 



<t> n ) = {U + U*){cj> 1 )~ 



(U + U*){<t> n ) 



= v{u + u^mx^n^nu + u* 



< 



<£u** 

n.m 



f fl(t)ttdA„(t)* 

£||$„|| \\\(jm M )9 m \\ sup BittA^CHjJ 



'nm sup 



< 

< 11*11 11*11 ll^lk 



□ 



12 



PIOTR SNIADY 



We would like to extend the definition of a stochastic integral with respect to 
the gauge process to all biprocesses with finite seminorm || ■ ||a by taking the limit. 
However, since this seminorm is of C°° type, the space of simple biprocess is not 
dense in this space. However, we may have the pointwise convergence. 

Theorem 3.7. For each adapted biprocess R(t), ||-R||a„ < oo there exists a se- 
quence of simple adapted biprocesses Ri, ||-Ri||a m < II^IIa,, such that Ri(t) — ► R(t) 
(convergence in the seminorm \\ ■ \\\ ) for almost all t. 

Proof of this theorem follows the well-known proofs in the classical theory of 
stochastic integration and we shall omit it. 

Theorem 3.8. If {Ri) is a sequence of simple adapted biprocesses such that 
supj H-RiIIau < 00 an d sequence Ri(t) converges to some R(t) in the seminorm 
|| • || \ then the sequence J Ri^dK^(t) converges in the strong operator topology. 

Proof. It is enough to prove that for each e > and all vectors f e T 

lim sup || [i^ - RjjfdA^t^W < e. 

N->oo it j > ff 

Let My = {t : \\Ri{t) - Rj(t)\\ Xtt >(/2}. We have 

J [Ri{t) - R^md^it) = 



(24) 



[Ri(t) - Rjit^dA^t) 



.\Mi. 



[Ri(t) - Rj^dA^t) 



and the operator norm of the second summand does not excee d e/ 2. 

We shall use the notation introduced in proof of the theorem 3J3. It follows from 
the fact that f~\ N 1J- - >N Mij has measure that 



lim sup ||A(J7n Mi ,)*r, 







for any fixed vector $er. 

If we rewrite the inequality (||^) replacing M by My and R(t) by Ri (t) — Rj (t) 
we see by majorized convergence theorem that the first summand in ( p4| ) tends 
strongly to 0. □ 

The preceding theorems allow us to extend the definition of an integral with 
respect to the gauge process to all adapted processed with finite norm || ■ ||a m 
and to remove from the formulation of the theorem 3.6 the assumption that the 
integrand is simple. 



3.5. Integrals with respect to time. For a biprocess R we introduce its semi- 
norm 



Of course we have 



R$dT{t) 



dt. 



< WRW 
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4. Iterated integrals 



Lemma 4.1. If R : M+ — > A <E> A is a biprocess such that there exists an integer 



number j such that R : R + — > ®|j|<j i^en /or any process S 



A we have 



\\RS\\ A ^\\SR\\ K < (2j + 1) sup ||S(t)|| p|| A)j 



*gr 4 



Proof. 



\SR\\a, < SU P ™PV^ 5(t)MiJ(*)ttA M (nx;j.) 



< 



< sup sup./ — ^— v^-C^ 

, Z -^.t£E + n, m \ m-l 



< 



<V7Tl(2j + i) ||5|| piu, 

because m — i > 1 and < 7 + 1. 

Lemma 4.2. For any biprocess R{t), process S(t) and T ue have 

\\RS\\a* < \\R\\a* sup ||S(t)|| 



□ 



R(t)S(t)%dA*(t)V 



< \\R\\ A . sup ||S(t)*| 



Proof. It is enough to notice that Qfc[.R(i)5(i)] = Qfc[i2(t)]5(t) and recall the defi- 
nition of the norm || • \\a* and theorem |3.5| □ 

Lemma 4.3. There exists a constant C„ i<? such that if R(t) is a biprocess such that 
R(t) € 0i<„ -4 (v) ® -4 and S(t) is a process such that S(t) £ ® i<n A [i ^ , then 

\\SR\\a> <C n jR\\ A , sup||5(t)||. 

i 

If R is a biprocess such that R(t) G ©,j<„ A^''^ and a sequence of processes Si(t) 
converges strongly to and fulfills Si(t) € ©i< n ^*' art ^ su Pi su Pt ||Si(*)|| < 00 
then integrals J Si(t)R(t)$dA* (t) converge strongly to as weZZ. 

Proof. For a unital vector ?/; orthogonal to H we have (see inequality (|2^)) 

\\Q k [S(t)R(t)]*\\ < Jd k ~ q \\S(t)R(t)$a*(<P)*\\ 

\\R(m a *(^n = 5>®«Q«[*( f )]* <Z)v^ no« t B (*)] ii 11*11 

and therefore for some constants Ci, C2, C3 which depend only on q and n we have 



\\Qk[S(t)R(t)]\\<Ci \\S(t)\\ Y.WQMm 

l<n 

\\Q k [S{t)R{t)]f<C 2 \\S{t)fY,WQi[mW 

l<n 

\SR\\ A . = ( C M / \\Qk[S{t)R{t))fdt] 2 < 



k<2n 
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<C 3 sup \\S(t)\\ Ij2 J \\Qi[R(t)]\\ 2 dt 



\l<r 

The second part of the lemma follows from the majorized convergence theorem. □ 



Theorem 4.4. // 

1. r n : K+ — > R+ is a sequence of measurable functions, < T n (t) < t and 
functions r n (t) tend to t uniformly, 

2. Si,Sa are processes, Si € {A*, A, A M , T}, S 2 G {A*, A, A„, T} 

3. i?i,i?2 : R+ — ► A are adapted biprocesses and their appropriate norms of are 
finite: ||i?i||si, ||#2||s 2 < 00 , 

4. if Si = A^ then there exists j such that for each t S M+ we have J R2$dS-z G 

5. i/ Si = A then there exists j such that for each t 6 R + we /la-ue Ri(t) G 
e^Vl®^^ and r * B^dSi €©,<,• ^ 

6. 2/62 = A„ £/ien £/iere exists j such that for each t G R + we have f RiftdSi G 
®H<^ W 

7. if S2 — A* then there exists j such that for each t € R + we have R2 (t) G 
© i£j ^0 ® ^ and /* JJiJjdS! G © i£j ^0 

then 



Ri{t) 



R2(s)$dS 2 (s) 



ldSi(t) 



lim / Ri{t) 



r„(t) 



J?2(s)tt^ 2 ( S ) 



ttd5i(t), 



iii(t)jJdSi(t) 



i? 2 (s)ttd5 2 (s) 



lim 



r„(«) 



Ri(mdSi(t) 



Proof. For 5 2 7^ Aj, functions 



/^(t) #2^2 (s) 



uniformly tend to 0. Therefore 



by preceding lemmas appropriate norms of biprocesses Ri(t) J T , t % R2(s)$dS2(s 

tend to what proves that the limit in the first equation holds in the operator 
norm. 

For S 2 = K and S x G {T, A*} for each $ e f functions /' R 2 {s)^dS 2 {s)^ 



by theorem 3.8 uniformly tend to and theorem 3.5 shows that the limit in the 
first equation holds in the strong operator topology. 



For Si = A M and 5 2 = A* lemma 4.3 and theorem 3.S assure that the limit in 



the second equation holds in the strong operator topology. 

For Si — Afj,, S2 = A„ we introduce a Hilbert space Ti © Ti © Ti such that there 
exist operators U, V which restricted to Tt © Ti are equal to and which map 
isometrically Ti respectively onto Ti and Ti. In the following for / C M+ TLj and 
Ilj will denote the orthogonal projection respectively onto U[C 2 {I)\ and F[£ 2 (/)], 
furthermore A p (t) = V(n~) and A M (t) = A M (II—^). 
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We have 
(25) 



X{V*)X(U* 



i2i(t)jJdA M (t) ii 2 (s)tfdA„(s) = 

Hun {Tri(shs) )R 2 (s)$dK( s )\(v). 



Note that even though X(U), X(V) are unbounded operators, the right-hand side 
of this equation is well defined on domain T(H) (see proof of theorem 3.6). 

For each n we consider a sequence t n _k = k/n and a bounded operator S„ : 
A(?7)A(F)r(W) -> A(Z7)A(V)r(W) defined'as 



(«n,»,ifi 



where w nj i = inf^g^ . )tn ) t„(x). It is easy to see that the sequence (5 n ) strongly 
tends to and since 



A(n 



A(n 



E0i?2(a)ttdAv(*) A(7) = 
C0Je2(»)jJdA^(s) A(V) 



then the expression ( ]2E| ) strongly tends to 0, what proves the first equation. 
All the other cases we obtain by taking adjoint of considered cases. 



□ 



5. Ito's formula 

5.1. Properties of P . We introduce a map Po : A/c(H) — > .4k: (W) as follows. 
Let </> be a unital vector perpendicular to 7i. Pq(R) is an operator defined by 

Po(P)* = a((f>)Ra* (</>)*, 

for all VP S r^. It is easy to see that for 

R = a*(<f>i) ■ ■■a*(<t>i)X Vl (Pi) ■■■X VI (Tj^a^i) • ■ -a(ipj)], 

we have 

P Q {R) = q i+ iv l ---v U iR, 
and therefore P (R) & Ak(H). 

5.2. Ito formula. 

Theorem 5.1. If assumptions — of theorem are fulfilled then 



(26) 



i?i(a)ttd5i(s) 



= /[fli(u)ttdS 1 (u)][i2 2 («)|tdS , 2(tt)] 



Pi(s) 



fl2(t)ttdS 2 (t) 



/?i(a)ttd5i(s) 



i2a(t)t|dS 2 (t), 



where the first summand on the right hand side is defined as follows: 
(27) / [J2i(u))tdA(«)][i22(«)|tdA*(«)] = /(l <8> P <g> l)(R 1 (u)R 2 (u))du, 

(28) 



[iZi (tt)^^ («)] [ife (tt)tt«L4* (u)] = / (i*)Jt TM ]i2a («)ftdA* (tt), 
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[R 1 (u)WA{u)][R 2 {u)$dK{u)]= / [Ri(u)[R 2 (u)M}$dA(u 



[iJi(u)ttdA^(u)][ii 2 (u)ttdA v (u)] 



(29) 
(30) 



(31) J [Ri(u)$dSi(u)][R 2 (u)$dS 2 (u)] = 
Informally we may write it as follows: 

dSo 



[Ri{u)$l]R 2 {u)Wk^{u), 
for other values of S\,S 2 . 



dSi 





dA 


dA* 


dk u 


dT 


dA 





dT 


dA lv 





dA* 














dA^ 





l»dA* 







dT 















Proof. For n= 1,2 let i?„ = J^^niXii be simple adapted biprocesses. We assume 
that intervals (/^) form a partition, i.e. that they are disjoint. Note that we can 
replace partition (Ii) by a refined partition (1^) so that maxj |J.- | < e. 



(32) 
(33) 



iJi(s)ttdSi(a) 



X)[ fl Mlt5l(/i)][i?2iiS2(/i)] 



( 34 ) +ED Ji d s i( J ')ife«^ J >)i + ^^[]? 1 ,fs 1 (/ I )][]? 2j |s 2 (/ J )] 

j i<j i j<i 



The second and the third summands tend by theorem 4.4 to the second and the 
third summands of the right hand side of (|2^) . We shall find the weak limit of the 
first summand when the grid of the partition tends to 0. 

If S± — T or 5*2 = T then it is easy to see that the term ( |33"| ) tends strongly to 0. 

If Si — A* theorem f3~5| gives 



|5^[i2i i tto*(ZO][i2«llS , 2 (/ i )]\P 



< 



< 



k 



\ i 

= \\Ri\\ A , sup \\R 2 itS 2 (Ji)*||, 



< 



what tends to as the grid of the partition (Ij) tends to 0. 

By taking the adjoint we see that if S2 = A then the term ([33]) weakly tends to 
as the grid of the partition (7,) tends to 0. 

The cases we have already considered show that the equation ([II]) holds. 

If Si = A and S 2 = A* then we can split the normally ordered form of the 
expression [Rn$a(Ii)\[R2i$a* (Ii)] into two parts: the first which does not contain 
operators a*(Ij), a(/j) and is equal to |/j|(l(8Po<S)l)[-Rii-R2i] and the second, which 
contains these operators in this order. The sum over i of the second part tends in 
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operator norm to as the grid of the partition tend to because it is in form (33) 
for Si — A* and S2 = A, what proves equation (|27|). 

If Si = A^ and S2 — A* then we can split the normally ordered form of the 
expression [i?i. i tfA AI (/;)][i? 2 ili a *(^)] mto two parts: one equal to [Ru^^WRnta* (I;)] 
and the second part which contains operators a*(Ii), X^{Ii) in this order. The sum 
over i of the second part is in the form ( |33| ) with Si = A* and S2 — A M therefore 
tends strongly to as the grid of partition tends to 0, what proves equation (pgj). 

By taking the adjoint of (^8|) we obtain the equation (29), i.e. the case Si = A, 

s 2 = A V . 

If Si — A M , S 2 = A w we introduce a Hilbert space Ti © H © H such that there 
exist operators U , V which restricted to TC © TC are equal to and which map 
isometrically TL respectively onto TL and TL. 



[RvAK{h)\[R^(h)}<s> 



i?i(t)fldA M (t) 



R 2 (s)dA v (s) 



y,\(u*)\(v* 
x[£,\(im Jh )\{vii Ih ) 

k 

It is easy to see that as the grid of the partition (ij) tends to that the operators 
Y2 k A(UHi k )\(VHi h ) strongly tend to 0, therefore the first summand strongly tends 
to 0, what proves (p0[). 

Now it is enough to notice that any biprocesses can be approximated by simple 
biprocesses. □ 

Particularly, we can obtain a Ito formula for noncommutative Brownian motion: 
B(t) — A(t) +A*(t) and Poisson process with intensively / and deformation param- 
eter p. P MiJ (t) = Vl{j„A{t) + A*(t)j„) + ^ + It^ 



dS 2 



dS 2 



dSi 





dt 


dB(t) 






dt 


dP„,t(t) 


dt 








dSi 


dt 








dB(t) 





dt 












6. Final remarks 

In this paper we have presented foundations of g-dcformed stochastic calculus. 
The lack of space does not allow us to present its applications, among them the 
connection between g-deformed stochastic integral and noncommtative local mar- 
tingales. Especially interesting is the possibility of interpolation of classical Brow- 
nian motion and Poisson process by their bounded g-deformed analogues for q — ► 1 
where new tools are useful. There are also many questions concerning deformed 
Poisson process. 
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